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ON FLATNESS AND COMPLETION FOR INFINITELY GENERATED
MODULES OVER NOETHERIAN RINGS
AMNON YEKUTIELI
ABSTRACT. Let A be a noetherian commutative ring, and let a be an ideal in A.
We study questions of flatness and a-adic completeness for infinitely generated
A-modules. This is done using the notions of decaying function and a-adically free
A-module.
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0. INTRODUCTION
Let A be a commutative ring, and let a be an ideal of A. For i ≥ 0 we write
Ai := A/a
i+1 . Given an A-module M, its a-adic completion is the A-module
(0.1) M̂ := lim
←i
(Ai ⊗A M).
Recall that M is called a-adically complete if the canonical homomorphism M→ M̂
is bijective. If M → M̂ is injective then M is called a-adically separated. It is well
known that if A is noetherian and complete, then all finitely generated A-modules
are complete. But for infinitely generated modules, and for non-noetherian rings,
the picture is quite complicated.
We became interested in the adic completion of infinitely generated modules
in the course of our work on deformation quantization (see end of introduction).
After a while we realized that this old and apparently simple concept was not
treated adequately in the literature. This paper contains our contributions.
In Section 1 we discuss the completion operation in general. In Theorem 1.5 we
give a useful criterion to tell whether the a-adic completion M̂ of an A-module M
is itself a-adically complete. We give an example of an a-adically separated mod-
uleMwhose a-adic completion M̂ is not complete (Example 1.8). Themoral (made
precise in Corollary 1.12) is that one should distinguish between the algebraic no-
tion of a-adic completion of M (i.e. the inverse limit (0.1)), and the topological
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notion of completion of the metric space M (with respect to its a-adic metric, see
(1.11)).
In Section 2 of the paper we introduce the notion of decaying function. This
idea is inspired by functional analysis. Let Z be a set, and let M be an a-adically
separated A-module. A function f : Z → M is called decaying if for every i the
composed function Z→ Ai⊗A M has finite support. We denote by Fdec(Z,M) the
set of all decaying functions f : Z → M, and this is an A-module in the obvious
way. The submodule of finite support functions is denoted by Ffin(Z,M). Note
that for M := A the module Ffin(Z, A) is a free A-module, with basis the collection
{δz}z∈Z of delta functions.
We prove (Corollary 2.9) that if M is a-adically complete, then Fdec(Z,M) is the
a-adic completion of Ffin(Z,M). (Recall however that the completion need not be
complete!) We also prove a complete version of the Nakayama Lemma (Theorem
2.11).
In Section 3 we assume A is noetherian. The main result here, Theorem 3.4,
says that for any set Z the A-module Fdec(Z, Â) is flat and a-adically complete.
Theorem 3.4 implies, among other things, Corollary 3.5, which says that for any
A-module M the completion M̂ is a-adically complete. (Note that the content of
Corollary 3.5 is not new; see Remark 3.7 for a bit of history.) We see that the
anomalies of completion disappear when A is noetherian.
An A-module P is called a-adically free if it is isomorphic to Fdec(Z, Â) for some
set Z. We show (Corollary 3.15) that any a-adically complete A-module M is a
quotient of some a-adically free module P. We also introduce the notion of a-
adically projective A-module; andwe prove that P is a-adically projective if and only
if it is a direct summand of an a-adically free module (Corollary 3.18). We give an
example (Example 3.20) demonstrating that the completion functor M 7→ M̂ is not
right exact.
In Section 4 we specialize to the case of a complete noetherian local ring A, with
maximal ideal m. Corollary 4.5 says that an A-module P is m-adically free if and
only if it is flat andm-adically complete. We discussm-adic systems of A-modules.
In Section 5 we study the related geometric problem. Namely X is a topological
space, and we are interested in sheaves of A-modules on X that are flat and m-
adically complete. Here some geometric property is needed for things to work
well; we call it locallyN -simply connectedness, whereN is a sheaf of abelian groups
on X (see Definition 5.4).
Here are a few words on the connection between completion and deformation
quantization. SupposeK is a field, and A is a complete noetherian localK-algebra,
with maximal ideal m, such that A/m ∼= K. Let B¯ be a K-algebra. An associa-
tive A-deformation of B¯ is an associative unital (but not necessarily commutative)
A-algebra B, which is flat and m-adically complete, together with a K-algebra iso-
morphism K ⊗A B ∼= B¯. The main example is K := R; A := R[[h¯]], the ring of
formal power series in the variable h¯; and B¯ := C∞(X), the ring of smooth func-
tions on a differentiable manifold X. In our paper [Ye2] we consider the algebro-
geometric version of deformation quantization, involving sheaves of A-algebras.
The results of Sections 4-5 are needed in [Ye2].
A possible use for the results of Section 3 would be to gain a better understand-
ing of the Matlis-Greenlees-May duality (cf. [Ml], [GM] and [AJL]).
Acknowledgments. I wish to thank V. Berkovich, V. Drinfeld, M. Hochster, L.
Avramov, J.R. Strooker, A.M. Simon, Liran Shaul and Marco Porta for discussions
on this material.
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1. SOME RESULTS ABOUT COMPLETION
By default all rings in this paper are commutative.
We begin by recalling some facts about completion. Let A be a ring, and let a be
an ideal of A. For i ∈ N we write Ai := A/a
i+1. Given an A-module M, there are
canonical isomorphisms Ai ⊗A M ∼= M/a
i+1M. The a-adic completion of M is the
A-module
(1.1) M̂ := lim
←i
(Ai ⊗A M).
There is a canonical homomorphism
τM : M→ M̂.
The module M is called a-adically separated if τM is injective, and it is called a-
adically complete if τM is bijective. (Some texts, such as [CA], would say that A is
separated and complete if τM is bijective.) Of course M is a-adically separated if
and only if
⋂
i≥0 a
iM = 0. If M is a-adically complete, then we often identify M
with M̂ via τM.
The a-adic completion Â of A is a ring, and τA : A → Â is ring homomorphism.
Given an A-moduleM, its completion M̂ is an Â-module, with action coming from
the action of Â on the modules Ai ⊗A M in the inverse system (1.1). In particular
this says that a complete A-module M has a canonical Â-module structure on it.
Given a homomorphism φ : M → N of A-modules, there is an induced homo-
morphism φ̂ : M̂→ N̂ making the diagram
M
φ
//
τM

N
τN

M̂
φ̂
// N̂
commutative.
Sometimes we write ΛaM := M̂ for an A-module M, and Λa(φ) := φ̂ for a
homomorphism φ, following [AJL]. This gives a functor
Λa : Mod A→ Mod A
on the category of A-modules. The functor Λa is additive. However it is not exact,
nor even right exact; cf. Example 3.20. The functor Λa is not idempotent in general
(see Example 1.8). Corollary 3.6 says that the functor Λa is idempotent if the ideal
a is finitely generated. All that can be said in general about the functor Λa is that
it preserves surjections:
Proposition 1.2. Let φ : M → N be a surjective homomorphism of A-modules. Then
φ̂ : M̂→ N̂ is also surjective.
This result is part of [St, Proposition 2.2.1].
Proof. For every i ≥ 0 let us write Mi := Ai ⊗A M and Ni := Ai ⊗A N. Let
φi : Mi → Ni be the homomorphism induced by φ, and let Ki := Ker(φi). So there
is an inverse system of exact sequences
0→ Ki → Mi
φi−→ Ni → 0.
Each Ki is a quotient of Ker(φ), and therefore Ki+1 → Ki is surjective. By the
Mittag-Leffler argument (as in [AM, Proposition 10.2]), in the limit we get an exact
sequence
0→ lim
←i
Ki → M̂
φ̂
−→ N̂ → 0.
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In particular φ̂ is surjective. 
Let M be an A-module. The homomorphism τM : M → M̂ induces a homo-
morphism
(1.3) τM,i : Ai ⊗A M→ Ai ⊗A M̂
for every i ≥ 0. On the other hand from the inverse limit (1.1) we have surjective
homomorphisms
(1.4) piM,i : M̂→ Ai ⊗A M.
Here is a useful criterion to tell whether the a-adic completion is complete.
Theorem 1.5. Let M be an A-module, with a-adic completion M̂. The following condi-
tions are equivalent:
(i) The A-module M̂ is a-adically complete.
(ii) All the homomorphisms τM,i are surjective.
(iii) There is equality Ker(piM,i) = a
i+1M̂ for every i ≥ 0.
Proof. The proof is based on ideas in [St, Section 2.2]. Let us write N := M̂, and
for i ≥ 0 let Mi := Ai ⊗A M and Ni := Ai ⊗A N. There is a commutative diagram
(1.6) M
τM
//
θM,i

N
θN,i

piM,i
// Mi
=

Mi
τM,i
// Ni
ψi
// Mi
in which θM,i and θN,i are the surjections induced by the ring homomorphism A→
Ai, and ψi is the unique homomorphism that makes the diagram commutative.
Since ψi ◦ τM,i is the identity on Mi, it follows that τM,i is a split injection. Letting
M′i := Ker(ψi), we have a canonical decomposition Ni = Mi ⊕ M
′
i . So τM,i is
surjective if and only if ψi is injective, if and only if M
′
i = 0.
Note also that Ker(θN,i) = a
i+1N, and it equals Ker(piM,i) if and only if ψi is
injective. This tells us that (ii)⇔ (iii).
The diagrams (1.6) form an inverse system. Passing to the inverse limit in the
second row, we get a diagram
N
τN
// N̂
ψ
// N
where ψ := lim←i ψi. Again ψ ◦ τN = idN , so τN is a split injection. Writing
N′ := Ker(ψ), we have a canonical decomposition N̂ = N ⊕ N′. So τN is bijective
(i.e. N is complete) if and only N′ = 0.
The decompositions Ni = Mi ⊕M
′
i are compatible as i varies, and hence
N′ ∼= lim
←i
M′i .
Now in the inverse system {M′i}i≥0 the homomorphisms M
′
j → M
′
i , for j ≥ i, are
surjective. Therefore in the limit, every homomorphism N′ → M′i is surjective. It
follows that N′ = 0 if and only if M′i = 0 for all i. We conclude that (i)⇔ (ii). 
In the proof above we also showed that:
Corollary 1.7. Let M be an A-module. Then its a-adic completion M̂ is a-adically sepa-
rated. Moreover, the homomorphism τM̂ : M̂→ ΛaM̂ is a split injection.
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Some examples of the bad behavior of completion can be found in the literature.
Strooker [St, Subsection 2.2.5] mentions unpublished work of Bartijn. And there is
an example in [CA], which is very close to the example we now present.
Example 1.8. Let K be a field, and let A := K[t1, t2, . . .], the ring of polynomials
in countably many variables. In it consider the maximal ideal a = (t1, t2, . . .). We
will produce an A-module M whose a-adic completion M̂ is not a-adically complete. In
fact we will take M := A, the free module of rank 1.
Let Â be the a-adic completion of A, and let b := Ker(piA,0 : Â → A0). The ring
Â is canonically isomorphic to the ring of formal power series K[[t1, t2, . . .]]. In
[CA, Exercise III.2.12] it is shown that the ring Â is not b-adically complete (when
K is finite). As stated in the previous paragraph, we will show something slightly
different: the A-module Â is not a-adically complete (with no assumption on the
field K). This is done using Theorem 1.5.
In order to utilize the notation of Theorem 1.5 and its proof, let’s write M := A
and N := M̂. To prove that N is not a-adically complete it suffices to show that the
homomorphism τM,0 : M0 → N0 is not surjective.
Consider an element b ∈ N, with image b¯ := θN,0(b) ∈ N0. The element b¯ is in
the image of τM,0 if and only if b ∈ aN + Im(τM). Now any element of aN is of
the form ∑nk=1 tkbk for some n ≥ 0 and bk ∈ N. And any element of Im(τM) is a
polynomial; so it lies in K⊕ aN. Thus b ∈ aN + Im(τM) if and only if
(1.9) b = λ +
n
∑
k=1
tkbk
for some λ ∈ K, n ≥ 0 and bk ∈ N.
Let us take b ∈ N = K[[t1, t2, . . .]] to be the power series b := ∑
∞
k=1 t
k
k. Then b
cannot be written as in (1.9), and hence b¯ /∈ Im(τM,0).
We end this section with a discussion of the topological interpretation of a-adic
completion. Any A-moduleM has on it the a-adic topology, in which the collection
of submodules {aiM}i≥0 is a basis of open neighborhoods of the element 0. Any
homomorphism φ : M→ N of A-modules is continuous for the a-adic topologies.
Now consider an a-adically separated A-module M. Recall that for an element
m ∈ M its order (with respect to a) is
(1.10) orda(m) := sup {i ∈ N | m ∈ a
iM} ∈ N ∪ {∞}.
Sometimes we shall write orda,M(m), when we need to emphasize the module M
(e.g. in the proof of Lemma 3.1). Since
⋂
i≥0 a
iM = 0, we see that orda(m) = ∞ if
and only if m = 0. And orda(m) = i ∈ N if and only if m ∈ aiM− ai+1M.
For elements m, n ∈ M define
(1.11) dista(m, n) := (
1
2 )
orda(m−n) .
The function dista is a metric on M, which we call the a-adic metric. This metric
determines the a-adic topology on M. The module M is a-adically complete if and
only if it is a complete metric space with respect to the a-adic metric. See [AM,
Section 10] or [CA, Section III.2.5].
We continue with the assumption that M is a-adically separated; and we view
M as a submodule of M̂ via the homomorphism τM. The a-adically separated
A-module M̂ has on it two descending filtrations, defining two possibly distinct
metrics:
(a) The filtration {FiM̂}i≥0, where F
iM̂ := Ker(piM,i−1) for i ≥ 1, and F
0M̂ :=
M̂. Here piM,i−1 is the homomorphism in (1.4). There is a corresponding
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order function
ord′(m) := sup {i ∈ N | m ∈ FiM̂}
for m ∈ M̂, and the corresponding metric is
dist′(m, n) := ( 12 )
ord′(m−n)
for m, n ∈ M̂.
(b) The filtration {aiM̂}i≥0, namely the a-adic filtration of the A-module M̂ it-
self. The corresponding order function ord
a,M̂ andmetric dista,M̂ are given
by formulas (1.10) and (1.11), replacing M with M̂.
The standard fact (see [AM, Section 10]) is that the metric space (M̂, dist′) is
always the completion of the metric space (M, dista). However:
Corollary 1.12. Let M be an A-module, with a-adic completion M̂. The following condi-
tions are equivalent:
(i) The A-module M̂ is a-adically complete.
(ii) The metrics dist
a,M̂ and dist
′ on M̂ coincide.
Proof. This is immediate from the equivalence (i)⇔ (iii) in Theorem 1.5. 
Example 1.13. Consider the module M from Example 1.8. Since its a-adic comple-
tion M̂ is not a-adically complete, we know that the metrics dist
a,M̂ and dist
′ are
not the same. Indeed, a little calculation shows that for the element b = ∑∞k=1 t
k
k
we have dist
a,M̂(b, 0) = 1, but dist
′(b, 0) = 12 .
2. MODULES OF DECAYING FUNCTIONS
The ideas in this section are inspired by functional analysis. As in Section 1, A
is a ring and a is an ideal in it.
Let Z be a set, and let M be an A-module. We denote by F(Z,M) the set of all
functions f : Z→ M, and by Ffin(Z,M) the set of functions with finite support. So
F(Z,M) ∼= ∏z∈Z M
and
Ffin(Z,M) ∼=
⊕
z∈Z
M.
The set F(Z,M) is an A-module, and Ffin(Z,M) is a submodule.
Now let us look at the special case M = A. For every z ∈ Z there is the delta
function δz ∈ Ffin(Z, A), namely δz(z) := 1, and δz(z
′) := 0 for z′ 6= z. The A-
module Ffin(Z, A) is free; as basis we can take the collection of elements {δz}z∈Z.
Suppose M is an a-adically separated A-module, and m ∈ M. Recall the a-adic
order orda(m) from formula (1.10).
Definition 2.1. Let Z be a set andM an a-adically separated A-module. A function
f : Z → M is called decaying if for every i ∈ N the set
{z ∈ Z | orda( f (z)) ≤ i}
is finite. We denote by Fdec(Z,M) the set of all decaying functions f : Z→ M.
The support of a decaying function is of course countable. Any function with
finite support is decaying. Thus we have inclusions
Ffin(Z,M) ⊂ Fdec(Z,M) ⊂ F(Z,M).
It is easy to see that Fdec(Z,M) is an A-submodule of F(Z,M).
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Example 2.2. Suppose that aiM = 0 for some i. Then a decaying function has
finite support, and we have
Ffin(Z,M) = Fdec(Z,M).
Example 2.3. Suppose A is complete. Take variables t1, . . . , tn, and consider the
ring of restricted formal power series A{t1, . . . , tn} as in [CA, Section III.4.2]. Then
as A-modules we have A{t1, . . . , tn} ∼= Fdec(N
n, A).
Proposition 2.4. Let M be an a-adically separated module. Then Fdec(Z,M) is a-adically
separated.
Proof. Let f : Z → M be a decaying function and let a ∈ ai. Then a f (z) ∈ aiM for
every z ∈ Z. We see that
a
i · Fdec(Z,M) ⊂ Fdec(Z, a
iM).
But M is separated, so⋂
i≥0
a
i · Fdec(Z,M) ⊂
⋂
i≥0
Fdec(Z, a
iM) = Fdec
(
Z,
⋂
i≥0
a
iM
)
= 0.

Let φ : M → N be a homomorphism between a-adically separated A-modules.
For any m ∈ M we have orda,N(φ(m)) ≥ orda,M(m). Hence there is an induced
A-linear homomorphism
Fdec(Z,M)→ Fdec(Z,N), f 7→ φ ◦ f .
Let us denote by Modsep A the full subcategory of Mod A consisting of a-adically
separated modules; this is an additive category. We see that for a fixed set Z there
is an additive functor
Fdec(Z,−) : Modsep A→ Modsep A.
Suppose M is an a-adically separated A-module. Let Z be a set, and let f : Z→
M be a function. One says that the series ∑z∈Z f (z) converges in the a-adic topology,
to some element m ∈ M, if for any natural number i there is a finite subset Zi ⊂ Z,
such that
m− ∑
z∈Zi
f (z) ∈ ai+1M,
and f (z) ∈ ai+1M for all z /∈ Zi. In this case one writes
m = ∑
z∈Z
f (z).
Of course if the series converges then the summ is unique. Cf. [CA, Section III.2.6].
Proposition 2.5. Let M be an a-adically complete A-module, and let f : Z → M be a
function. The following conditions are equivalent:
(i) The function f is decaying.
(ii) The series ∑z∈Z f (z) converges in M for the a-adic topology.
The proof is easy, and we leave it out. An immediate consequence is that for an
a-adically complete module M there is an A-linear homomorphism
Fdec(Z,M)→ M, f 7→ ∑
z∈Z
f (z).
Corollary 2.6. Let Z be a set, let M be an A-module, and let f : Z → M be any
function. Assume A and M are a-adically complete. Then for any g ∈ Fdec(Z, A) the
series ∑z∈Z g(z) f (z) converges in M. This gives rise to an A-linear homomorphism
φ : Fdec(Z, A)→ M, φ(g) := ∑
z∈Z
g(z) f (z).
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Proof. Given g ∈ Fdec(Z, A) consider the the function Z → M, z 7→ g(z) f (z). This
function is decaying, so by Proposition 2.5 the series ∑z∈Z g(z) f (z) converges. It
is easy to check that the resulting function φ is A-linear. 
Theorem 2.7. Let M be an A-module whose a-adic completion M̂ is a-adically complete.
Then the canonical homomorphism
(2.8) Fdec(Z, M̂)→ lim
←i
Ffin(Z, Ai ⊗A M)
induced by
piM,i : M̂→ Ai ⊗A M
is bijective.
Proof. Suppose f ∈ Fdec(Z, M̂) is nonzero. So f (z) 6= 0 for some z ∈ Z. Since M̂
is separated, there is some i such that the image piM,i( f (z)) of f (z) in Ai ⊗A M is
nonzero. This implies that the homomorphism (2.8) is injective.
Conversely, suppose { fi}i≥0 is an inverse system of functions fi : Z → Ai ⊗A
M, each with finite support. For any z ∈ Z let
f (z) := lim
←i
fi(z) ∈ lim
←i
(Ai ⊗A M) = M̂.
We get a function f : Z → M̂ satisfying piM,i ◦ f = fi. Since each fi has finite
support, and by Theorem 1.5 we know that Ker(piM,i) = a
i+1M̂, it follows that f
is a decaying function. 
Corollary 2.9. Let M be as in Theorem 2.7. Then the homomorphism
Ffin(Z,M)→ Fdec(Z, M̂)
induced by τM makes Fdec(Z, M̂) into an a-adic completion of Ffin(Z,M). More precisely,
there is an isomorphism
Fdec(Z, M̂) ∼= Λa Ffin(Z,M)
that commutes with the homomorphisms from Ffin(Z,M), and is functorial in M.
The reason for the careful wording of the corollary is because Fdec(Z, M̂)might
fail to be a-adically complete. Cf. Example 1.8 and Corollary 1.12.
Proof. Since there is a canonical isomorphism
Ai ⊗A Ffin(Z,M) ∼= Ffin(Z, Ai ⊗A M)
for every i, this follows from Theorem 2.7. 
Definition 2.10. Let M be an A-module, and let {mz}z∈Z be a collection of ele-
ments of M. Assume A and M are a-adically complete. We say the collection
{mz}z∈Z a-adically generates M if for every element m ∈ M there exists some de-
caying function g : Z→ A such that
m = ∑
z∈Z
g(z)mz.
Here is a version of the Nakayama Lemma.
Theorem 2.11. Let M be an A-module, and let {mz}z∈Z be a collection of elements of M.
Assume A and M are a-adically complete. Write M0 := A0⊗A M, and let pi0 : M→ M0
be the canonical homomorphism. Then the two conditions below are equivalent.
(i) The collection {pi0(mz)}z∈Z generates the A0-module M0.
(ii) The collection {mz}z∈Z a-adically generates M.
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Proof. Let φ : Fdec(Z, A) → M be the homomorphism corresponding to the func-
tion f : Z→ M, f (z) := mz, as in Corollary 2.6. Then {mz}z∈Z a-adically generates
M if and only if φ is surjective.
For every i ≥ 0 let Mi := Ai ⊗A M. There is a commutative diagram
(2.12) Fdec(Z, A)
φ
//

M

Ffin(Z, Ai)
φi
// Mi
in which the vertical arrows are the surjections coming from the ring homomor-
phisms A→ Ai. For i = 0 we have pi0(mz) = φ0(δz) ∈ M0 for all z ∈ Z. Hence the
collection {pi0(mz)}z∈Z generates the A0-module M0 if and only if φ0 is surjective.
The implication (ii)⇒ (i) is now clear.
Now let us assume (i), namely that φ0 is surjective. Since for every i the ideal
a/ai+1 = Ker(Ai → A0) is nilpotent, the usual Nakayama Lemma (see [CA,
Corollary II.3.1]) says that φi is surjective. Consider the commutative diagram
Fdec(Z, A)
φ
//

M
τM

lim←i Ffin(Z, Ai)
lim←i φi
// lim←i Mi
gotten as the inverse limit of the sequences (2.12). As in the proof of Proposition
1.2 one shows that the homomorphism lim←i φi is surjective. By Theorem 2.7 the
left vertical arrow is bijective; and by assumption τM is bijective. It follows that φ
is surjective. 
To end this section here are some remarks.
Remark 2.13. Suppose A is complete. There is a canonical pairing
F(Z, A)× Fdec(Z, A)→ A,
namely
〈 f , g〉 := ∑
z∈Z
f (z)g(z).
If we put the discrete topology on Fdec(Z, A), and a suitable topology on F(Z, A),
then this becomes a perfect pairing (i.e. it identifies each of these A-modules with
the continuous dual of the other).
Suppose h : Y → Z is a function. Then there is a ring homomorphism
h∗ : F(Z, A)→ F(Y, A)
called pullback, namely h∗( f ) = f ◦ h. And there is an F(Z, A)-module homomor-
phism
h∗ : Fdec(Y, A)→ Fdec(Z, A),
which is
h∗(g)(z) := ∑y∈h−1(z) g(y) ∈ A.
In this way Fdec(Z, A) resembles the space L
1(Z) from functional analysis, and
F(Z, A) resembles the space L∞(Z).
Remark 2.14. Suppose {Mz}z∈Z is a collection of a-adically separated A-modules.
By an obvious generalization of Definition 2.1, we can form the decaying direct
product ∏decz∈Z Mz, which is a submodule of ∏z∈Z Mz. In case A is noetherian and
complete, and all the modules Mz are finitely generated, one can show (just as in
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Theorem 3.4) that the module ∏decz∈Z Mz is a-adically complete, and it is flat if and
only if all the modules Mz are flat.
3. NOETHERIAN RINGS AND THEIR COMPLETIONS
In this section A is a noetherian ring, and a is an ideal in it. The a-adic comple-
tion of A is Â, and we write â := aÂ, which is an ideal in Â. It is well-known that
the ring Â is â-adically complete, flat over A, and for every i ≥ 0 the canonical ho-
momorphism Ai = A/a
i+1 → Â/âi+1 is bijective. It is also well-known that every
finitely generated Â-module is â-adically complete. We are of course allowing the
case A = Â. See [AM, Section 10] or [CA, Section III.3].
LetM be an Â-module. Since aiM = âiM for every i ≥ 0, it follows that ΛaM =
ΛâM. So M is a-adically separated (resp. complete) if and only if it is â-adically
separated (resp. complete). And when M is separated we have orda,M = ordâ,M,
so a function f : Z → M is a-adically decaying if and only if it is â-adically decay-
ing.
Lemma 3.1. Suppose M is a finitely generated Â-module, and N is an Â-submodule of
M. Then
Fdec(Z,N) = Fdec(Z,M) ∩ F(Z,N)
as submodules of F(Z,M).
Proof. Since aiN ⊂ aiM for any i ≥ 0, it follows that orda,N(n) ≤ orda,M(n) for
any n ∈ N. By the Artin-Rees Lemma (cf. [CA, Corollary III.3.1]), there is some i0
such that
N ∩ (ai0+iM) ⊂ aiN
for all i ≥ 0. Therefore for n ∈ N we have
orda,M(n) ≤ orda,N(n) + i0.
We conclude that the a-adic decay conditions with respect toM and to N are equiv-
alent, for a function f : Z→ N. 
Let us denote by Modf Â the full subcategory of Mod Â consisting of finitely
generated Â-modules. The subcategory Modf Â is abelian (since Â is noetherian).
Note thatModf Â ⊂ Modsep Â.
Lemma 3.2. For a given set Z, the functor
Fdec(Z,−) : Modf Â→ Mod Â
is exact.
Proof. Consider an exact sequence
0→ M′
φ
−→ M
ψ
−→ M′′ → 0
of finitely generated Â-modules. We want to show that the sequence
0→ Fdec(Z,M
′)
φ
−→ Fdec(Z,M)
ψ
−→ Fdec(Z,M
′′)→ 0
is also exact.
Since ψ(M) = M′′, it follows that ψ(aiM) = aiM′′ for all i. Take any f ∈
Fdec(Z,M
′′). For any z ∈ Z we can lift f (z) ∈ M′′ to some element g(z) ∈ M, such
that orda,M(g(z)) ≥ orda,M′′( f (z)). We get a decaying function g : Z → M lifting
f . So we have exactness at Fdec(Z,M
′′).
Exactness at Fdec(Z,M) is by Lemma 3.1, and exactness at Fdec(Z,M
′) is trivial.

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Lemma 3.3. Let M be a finitely generated Â-module. Then the canonical homomorphism
M⊗
Â
Fdec(Z, Â)→ Fdec(Z,M)
is bijective.
Proof. We use the standard trick of finite free presentations. Choose some finite
presentation of M; namely an exact sequence Q → P → M → 0, where P and Q
are finitely generated free Â-modules. There is an induced commutative diagram
Q⊗
Â
Fdec(Z, Â) //
φQ

P⊗
Â
Fdec(Z, Â) //

φP

M⊗
Â
Fdec(Z, Â) //

φM

0
Fdec(Z,Q) // Fdec(Z, P) // Fdec(Z,M) // 0 .
The top row is exact because of right-exactness of the tensor product; and the
bottom row is exact by Lemma 3.2. The homomorphisms φP and φQ are bijective
since P and Q are finite rank free modules. It follows that φM is also bijective. 
Here is the main result of this section. Observe that it refers only to the complete
ring Â.
Theorem 3.4. Let Â be a noetherian ring, â-adically complete with respect to some ideal
â. Let Z be any set. Then:
(1) For any i ≥ 0 the canonical homomorphism
Ai ⊗Â Fdec(Z, Â)→ Ffin(Z, Ai)
is bijective. Here Ai := Â/â
i+1.
(2) The Â-module Fdec(Z, Â) is flat and â-adically complete.
Proof. (1) This is true by Lemma 3.3, with M := Ai.
(2) Since Â is noetherian, the Â-module Fdec(Z, Â) is flat if and only if the functor
−⊗
Â
Fdec(Z, Â) is exact onModf Â. The latter is true by Lemmas 3.2 and 3.3.
As for completeness, combining part (1) above with Theorem 2.7 (for the mod-
ule M := Â) we see that the canonical homomorphism
τ
Fdec(Z,Â)
: Fdec(Z, Â)→ lim
←i
(
Ai ⊗Â Fdec(Z, Â)
)
is bijective. 
Here are several corollaries to Theorem 3.4.
Corollary 3.5. Let M be any A-module. Its a-adic completion M̂ is a-adically complete.
Proof. Choose any surjection φ : Ffin(Z, A) → M, where Z is some set, and write
Q := Ffin(Z, A). By Proposition 1.2 the homomorphism φ̂ : Q̂ → M̂ is surjective.
Hence for every i ≥ 0 we get a commutative diagram
Ai ⊗A Q
τQ,i
//
idAi
⊗ φ

Ai ⊗A Q̂

idAi ⊗ φ̂

Ai ⊗A M
τM,i
// Ai ⊗A M̂
with surjective vertical arrows. By Corollary 2.9 and Theorem 3.4(2) the module
Q̂ is a-adically complete, and hence by Theorem 1.5 the homomorphisms τQ,i is
surjective. It follows that τM,i is also surjective, for every i. Again using Theorem
1.5 we conclude that M̂ is complete. 
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Corollary 3.6. Let B be a ring, and let b be a finitely generated ideal in it. Given any
B-module M, its b-adic completion ΛbM is b-adically complete.
Proof. Choose generators b1, . . . , bn of the ideal b. Consider the polynomial ring
A := Z[t1, . . . , tn], the ideal a := (t1, . . . , tn) ⊂ A, and the ring homomorphism
f : A → B defined by f (ti) := bi. Then for any B-module N there is a canoni-
cal isomorphism of B-modules ΛbN ∼= ΛaN, that commutes with the homomor-
phisms from N. Since A is noetherian we know fromCorollary 3.5 that N := ΛaM
is a-adically complete. 
Remark 3.7. The assertions of Corollaries 3.5 and 3.6 are not new, yet they seem
to be virtually unknown. After we proved Theorem 3.4, A.-M. Simon mentioned
to us the book [St], and in Subsection 2.2.5 of that book we located these assertions
(in slightly different wording). We then learned that Corollary 3.6 appeared much
earlier as [Ml, Theorem 15]. Note that our proof of Theorem 3.4, involving the
concept of decaying functions, is completely new, and is not similar to the proofs
in these cited works.
Corollary 3.6 resembles [CA, Proposition III.14]. However a close inspection re-
veals that these two assertions refer to distinct notions of completion. See Example
1.8, Corollary 1.12 and the discussion between them.
Corollary 3.8. Let M be any A-module. Then the A-module Fdec(Z, M̂) is a-adically
complete.
Proof. According to Corollary 3.5 the module M̂ is complete. By Corollary 2.9
we know that Fdec(Z, M̂) is (canonically isomorphic to) the a-adic completion of
Ffin(Z,M). Now use Corollary 3.5 again to conclude that Fdec(Z, M̂) is complete.

Corollary 3.9. Let Z be a set, let M be an a-adically complete A-module, and let f : Z→
M be any function. Then there is a unique A-linear homomorphism
φ : Fdec(Z, Â)→ M
such that φ(δz) = f (z) for all z ∈ Z.
Proof. The existence of such a homomorphism was already proved in Corollary
2.6. Recall that the formula is
φ(g) = ∑
z∈Z
g(z) f (z) ∈ M
for g ∈ Fdec(Z, Â). Uniqueness is because M is complete, and the image of
Ffin(Z, A) in Fdec(Z, Â), which is the A-submodule generated by the collection
{δz}z∈Z, is dense in Fdec(Z, Â), by Theorem 3.4(1). 
Example 3.10. Take any set Z. Consider the function f : Z → Fdec(Z, Â), f (z) :=
δz. The corresponding homomorphism φ is the identity of Fdec(Z, Â). This says
that
g = ∑
z∈Z
g(z)δz
for any g ∈ Fdec(Z, Â).
Definition 3.11. An A-module P is called a-adically free if it isomorphic to the A-
module Fdec(Z, Â) for some set Z.
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Corollary 3.12. Suppose B is another noetherian ring, b ⊂ B is an ideal, and f : A → B
is a ring homomorphism satisfying f (a) ⊂ b. If P is an a-adically free A-module, then the
B-module
B ⊗̂A P := Λb(B⊗A P)
is b-adically free.
Proof. Letting Bi := B/b
i+1, we have induced ring homomorphisms Ai → Bi for
all i ≥ 0. Choose an A-module isomorphism P ∼= Fdec(Z, Â). Then by Theorem
3.4 we have canonical isomorphisms
Bi ⊗A P ∼= Bi ⊗Ai Ai ⊗A Fdec(Z, Â)
∼= Bi ⊗Ai Ffin(Z, Ai)
∼= Ffin(Z, Bi).
We see that
Λb(B⊗A P) ∼= lim
←i
(Bi ⊗A P) ∼= lim
←i
Ffin(Z, Bi) ∼= Fdec/b(Z,ΛbB),
where Fdec/b(Z,−) refers to the b-adic decay condition. 
Proposition 3.13. The following two conditions are equivalent for an A-module P:
(i) P is a-adically free.
(ii) P is isomorphic to a-adic completion Q̂ of some free A-module Q.
Proof. First suppose P ∼= Q̂ for some free A-module Q. By choosing a basis for
Q, indexed by a set Z, we get an isomorphism Q ∼= Ffin(Z, A). According to
Corollary 2.9 we get an isomorphism P ∼= Fdec(Z, Â). The reverse implication is
proved similarly. 
Example 3.14. Suppose A is complete, K is a field, and K → A is a ring homo-
morphism. Let V be a K-module. The A-module A⊗K V is free, and therefore its
a-adic completion A ⊗̂K V := Λa(A⊗K V) is a-adically free.
Corollary 3.15. Suppose M is an a-adically complete A-module. Then there is a surjec-
tion φ : P→ M for some a-adically free A-module P.
Proof. Choose a surjection ψ : Q→ M, where Q is some free A-module. By Propo-
sition 1.2 the induced homomorphism ψ̂ : Q̂ → M̂ is surjective. We know that
P := Q̂ is a-adically free (see Proposition 3.13), and that τM : M → M̂ is bijective.
So we can take φ := τ−1M ◦ ψ̂. 
Definition 3.16. An A-module P is called a-adically projective if it satisfies the fol-
lowing two conditions:
(i) P is a-adically complete.
(ii) Suppose M and N are a-adically complete A-modules, and φ : M → N a
surjective homomorphism. Then any homomorphism ψ : P → N can be
lifted to a homomorphism ψ˜ : P→ M, such that ψ = φ ◦ ψ˜.
Remark 3.17. It can be shown that condition (ii) above is equivalent to P being
topologically projective, in the sense of [EGA IV, Section 0IV.19.2]
Corollary 3.18. An A-module P is a-adically projective if and only if it is a direct sum-
mand of an a-adically free module.
Proof. First assume that P is a direct summand of an a-adically free module; say
P⊕ P′ = Q. By Theorem 3.4(2) and Corollary 3.9, the a-adically free module Q is
a-adically projective. And it is easy to see that a direct summand of an a-adically
projective module is also a-adically projective.
Conversely, assume that P is a-adically projective. Because P is complete, by
Corollary 3.15 there exists a surjection φ : Q → P for some a-adically free module
Q. Since P and Q are both complete, condition (ii) says that φ is split.
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To finish this section, here are a couple of examples and a remark. The first
example is a bit facile, but instructive.
Example 3.19. Let K be a field, and let A := K[[t]], the ring of formal power series
in one variable. It is a complete noetherian local ring with maximal ideal a = (t).
Let K := K((t)), the field of fractions of A. Consider the inclusion φ : A→ K. For
any i ≥ 0 we have Ai ⊗A K = 0. Therefore K̂ = 0, and φ̂ : Â→ K̂ is not injective.
We see that the functor Λa does not respect injections. Since it does respect
surjections (Proposition 1.2), one is tempted to guess that Λa is right exact. But
here is a counterexample.
Example 3.20. With A := K[[t]] and a = (t) as in the previous example, let P,Q :=
Fdec(N, A). Define a homomorphism φ : P → Q by φ(δi) := t
iδi, where δi ∈
Fdec(N, A) are the delta functions. It is easy to see that φ is injective.
We claim that the submodule L := Im(φ) is not closed in Q. Indeed, consider
the element f := ∑i∈N t
iδi ∈ Q. Clearly f is in the closure L¯ of L. If there were
some g ∈ P such that f = φ(g), then writing ai := g(i) ∈ A, we would have
g = ∑i aiδi. Hence
f = φ(g) = ∑
i
aiφ(δi) = ∑
i
ait
iδi.
By uniqueness of the series expansion, it would follow that ai = 1 for all i. But then
the function g : N → A would not be decaying; so we arrive at a contradiction.
Let us define M := Q/L. So there is an exact sequence of A-modules
(3.21) 0→ P
φ
−→ Q
ψ
−→ M→ 0.
Now P and Q are complete, so we can identify them with their completions P̂ and
Q̂. According to Proposition 1.2 the homomorphism ψ̂ : Q → M̂ is surjective, and
by Corollary 3.5 the module M̂ is complete. Therefore Ker(ψ̂) = L¯. Because L ( L¯
we see that τM : M → M̂ is surjective but not bijective. Thus M is not a-adically
complete. Also, since φ̂ = φ, we see that the sequence
0→ P̂
φ̂
−→ Q̂
ψ̂
−→ M̂→ 0
that we get by completing (3.21) is not exact at Q̂. This shows that the functor Λa is
not right exact.
Remark 3.22. Suppose A is complete and Q is a free A-module of countable rank.
V. Drinfeld and M. Hochster mentioned to us an alternative proof of the fact that
Q̂ is flat and a-adically complete. In this case Q is isomorphic, as A-module, to the
polynomial algebra A[t]. Then the completion Q̂ is isomorphic, as A-module, to
the algebra A{t} of restricted formal power series; see Example 2.3. It is shown in
[CA] that A{t} is a-adically complete and flat over A.
4. COMPLETE NOETHERIAN LOCAL RINGS
In this section A is a complete noetherian local commutative ring, with maximal
ideal m. For i ≥ 0 we write Ai := A/m
i+1.
Definition 4.1. An m-adic system of A-modules is a collection {Mi}i∈N of
A-modules, together with a collection {ψi}i∈N of homomorphisms ψi : Mi+1 →
Mi. The conditions are:
(i) For every i one has mi+1Mi = 0. Thus Mi is an Ai-module.
(ii) For every i the Ai-linear homomorphism Ai ⊗Ai+1 Mi+1 → Mi induced by
ψi is an isomorphism.
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Usually the collection of homomorphisms {ψi}i∈N remains implicit.
Example 4.2. Suppose M is an A-module, and let Mi := Ai ⊗A M. Then {Mi}i∈N
is an m-adic system of A-modules.
Theorem 4.3. Let A be a complete noetherian local ring, with maximal ideal m, and let
{Mi}i∈N be an m-adic system of A-modules. Assume that Mi is flat over Ai for every i.
Define M := lim←i Mi. Then the following hold.
(1) The A-module M is m-adically free.
(2) For every i ≥ 0 the canonical homomorphism Ai ⊗A M→ Mi is bijective.
We need an auxiliary result.
Lemma 4.4. In the setup of the theorem, suppose Mi is a free Ai-module with basis
{m¯z}z∈Z. Let mz ∈ Mi+1 be a lifting of m¯z. Then Mi+1 is a free Ai+1-module with
basis {mz}z∈Z.
This result must be well known, but we could not locate a reference in the liter-
ature. The closest we got is [Ma, Proposition 3.G].
Proof. Since the ideal mi+1/mi+2 = Ker(Ai+1 → Ai) is nilpotent, Nakayama’s
Lemma says that the collection {mz}z∈Z generates Mi+1. So there is an exact se-
quence of Ai+1-modules
0→ N → Ffin(Z, Ai+1)
φ
−→ Mi+1 → 0,
where φ(δz) := mz and N := Ker(φ). Applying the operation Ai ⊗Ai+1 − to this
sequence we get an exact sequence
Tor
Ai+1
1 (Ai,Mi+1)→ Ai ⊗Ai+1 N → Ffin(Z, Ai)
φ¯
−→ Mi → 0.
Since Mi+1 is flat we get Tor
Ai+1
1 (Ai,Mi+1) = 0. On the other hand, since {m¯z}z∈Z
is a basis, we see that φ¯ : Ffin(Z, Ai)→ Mi is bijective. It follows that Ai⊗Ai+1 N =
0. Using the Nakayama Lemma once more we see that N = 0. 
Proof of the theorem. Since A0 is a field, the A0-module M0 is free. Let us choose a
basis {mz}z∈Z for M0. By the lemma above, used recursively, we can lift this basis
to a basis of Mi for every i ≥ 0. Thus we get an inverse system of isomorphisms
Mi ∼= Ffin(Z, Ai). In the limit we get M ∼= Fdec(Z, A), by Theorem 3.4(1,2). So M
is m-adically free.
Finally, according to Theorem 3.4(1) we have Ai ⊗A M ∼= Mi. 
Corollary 4.5. The following conditions are equivalent for an A-module M:
(i) M is flat and m-adically complete.
(ii) There is an m-adic system of A-modules {Mi}i∈N, such that Mi is flat over Ai
for every i, and an isomorphism of A-modules M ∼= lim←i Mi.
(iii) M is m-adically free.
Proof. The implication (i) ⇒ (ii) is trivial. The implication (ii) ⇒ (iii) is Theorem
4.3(1). And the implication (iii)⇒ (i) is Theorem 3.4(2). 
Remark 4.6. A special case of Corollary 4.5, namely when A = K[[t]], the ring of
formal power series in a variable t over a field K, was proved in [CFT, Lemma
A.1].
Remark 4.7. Assume A is an equal characteristic complete local ring, namely it
contains a field K such that K ∼= A/m. Let Q be a free A-module and P := Q̂.
In this case there is an alternative way to prove Theorem 3.4(2). First choose an
isomorphism Q ∼= A⊗K V for some K-module V. Next choose a filtered K-basis
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{aj}j∈N for A (cf. [Ye1, Definition 6.5]; we may assume m is not nilpotent). Then
we obtain K-module isomorphisms A ∼= ∏j≥0 K, P ∼= ∏j≥0V and m
iP ∼= ∏j≥ji V,
where 0 = j0 < j1 < j2 · · · . This implies completeness of P. Flatness is proved
similarly, but it is a bit more complicated.
5. FLAT COMPLETE SHEAVES OF MODULES
In this section there is some overlap with material from [KS].
Let X be a topological space and A a commutative ring. Recall that given
sheavesM,N of A-modules on X, the sheaf of A-modules N ⊗AM is the sheaf
associated to the presheaf
U 7→ Γ(U,N )⊗A Γ(U,M),
for open setsU ⊂ X. If N is an A-module, then we can similarly consider the sheaf
N ⊗AM on X; this is the sheaf associated to the presheaf
U 7→ N ⊗A Γ(U,M).
Given an A-algebra B, the sheaf B ⊗A M becomes a sheaf of B-modules. If
{Mi}i∈N is an inverse system of sheaves of modules on X, then lim←i Mi is the
sheaf U 7→ lim←i Γ(U,Mi). Recall that the sheafM is said to be flat over A if for
every point x ∈ X the stalkMx is a flat A-module.
Now suppose A is a complete noetherian local ring, with maximal ideal m. For
i ≥ 0 we write Ai := A/m
i+1.
Definition 5.1. LetM be a sheaf of A-modules on X.
(1) The m-adic completion ofM is the sheaf
M̂ := lim←i (Ai ⊗AM).
(2) The sheafM is called m-adically complete if the canonical sheaf homomor-
phism τM :M→ M̂ is an isomorphism.
We sometimes use the notation ΛmM := M̂. With this notation we have an
additive functor
Λm : Mod AX → Mod AX .
Here AX is the constant sheaf A on X, and Mod AX is the category of sheaves of
AX-modules, which is the same as the category of sheaves of A-modules on X.
Suppose B is another complete noetherian local ring, with maximal ideal n, and
we are given a local homomorphism A → B. For any sheaf of A-modulesM on
X, and any B-module N, we write
N ⊗̂AM := Λn(N ⊗AM).
The inverse limit in the completion operation does not commute with the direct
limit of passing to stalks. Hence the stalkMx of an m-adically complete sheaf of
A-modulesM, at a point x ∈ X, is usually not an m-adically complete A-module.
This is a well known fact; see [EGA I, Paragraph 10.1.5], or the next example.
Example 5.2. Take X := A1
K
= SpecK[t], the affine line over an infinite field K,
with coordinate t and structure sheafOX . Let A := K[[s]], the formal power series
ring in the variable s. This is a complete noetherian local ring, whose maximal
ideal is m = (s). Let
M := OX [[s]] ∼= A ⊗̂K OX .
The sheafM is m-adically complete; indeed on any open set U ⊂ X (they are all
affine) one has Γ(U,M) ∼= Γ(U,OX)[[s]].
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Now let us look at the closed point x := (t) ∈ X. Here the stalk is
Mx ∼= limU→ Γ(U,OX)[[s]],
where U runs over the open neighborhoods of x. This is a dense submodule of its
completion M̂x ∼= OX,x[[s]] ∼= K[t](t)[[s]]. Given an element a ∈ Mx, there is an
open neighborhoodU of x, such that a = ∑i≥0 ais
i, with ai ∈ Γ(U,OX). Thus if we
choose a sequence {λi}i≥0 of distinct elements of K, all nonzero, then the power
series a := ∑i≥0(t− λi)
−1si is in M̂x but not inMx.
Even if the idealm is nilpotent, so completion is not an issue, it is not very useful
to consider sheaves of A-modules on X that are locally free. This is because such a
sheaf must be locally constant. The standard practice is to talk about flat sheaves
of A-modules.
LetM be a sheaf of A-modules on X. For i ≥ 0 we define miM to be the image
of the canonical sheaf homomorphism mi ⊗AM→M. Let
gri
m
M := miM/mi+1M.
The direct sum gr
m
M :=
⊕
i gr
i
m
M is a sheaf of gradedmodules over the graded
ring gr
m
A.
Proposition 5.3. Let M be a flat sheaf of A-modules on X. Then the canonical sheaf
homomorphism
(gr
m
A)⊗A0 gr
0
m
M→ gr
m
M
is an isomorphism.
Proof. It is enough to show that this homomorphism becomes an isomorphism at
stalks. But at a point x ∈ X the A-moduleMx is flat, so we can use [CA, Theorem
III.5.1]. 
Definition 5.4. Let N be a sheaf of abelian groups on X. We denote by H1(X,N )
its first sheaf cohomology.
(1) We say that an open set U of X is N -simply connected if H1(U,N ) = 0.
(2) The space X is said to be locally N -simply connected if it has a basis of the
topology consisting of open sets that areN -simply connected.
Example 5.5. Here are a few typical examples of a topological space X, and a sheaf
N , such that X is locally N -simply connected:
(1) X is an algebraic variety over a field, with structure sheaf OX , and N is a
coherent OX-module. Then any affine open set U is N -simply connected.
(2) X is a complex analytic manifold, with structure sheaf OX , and N is a
coherent OX-module. Then any Stein open set U is N -simply connected.
(3) X is a differentiable manifold, with structure sheaf OX , and N is any OX-
module. Then any open set U is N -simply connected.
(4) X is a differentiable manifold, andN is a constant sheaf of abelian groups.
Then any contractible open set U is N -simply connected.
Theorem 5.6. Let A be a complete noetherian local ring, with maximal ideal m. Let X be
a topological space, and letM be a flat m-adically complete sheaf of A-modules on X. We
writeMi := Ai ⊗AM, M := Γ(X,M) and Mi := Γ(X,Mi) for i ≥ 0. Assume that
X isM0-simply connected. Then the following are true.
(1) The A-module M is m-adically free.
(2) For every i ≥ 0 the canonical homomorphism Ai ⊗A M→ Mi is bijective.
We need a lemma first.
Lemma 5.7. In the setup of the theorem, let N be an Ai-module. Then:
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(1) H1(X,N ⊗Ai Mi) = 0.
(2) The canonical homomorphism
N ⊗Ai Mi → Γ(X,N⊗Ai Mi)
is bijective.
Again this is familiar, but we did not find a reference.
Proof. (1) The proof is by induction on i. For i = 0 the ring K := A0 is a field, so N
is a free K-module, and
H1(X,N⊗K M0) ∼= N ⊗K H
1(X,M0) = 0.
Now assume i ≥ 1. We have an exact sequence of Ai-modules
0→ V → N → Ai−1⊗Ai N → 0,
where V is some K-module. Since the sheaf Mi is flat over Ai, there is an exact
sequence of sheaves
0→ V ⊗Ai Mi → N ⊗Ai Mi → Ai−1 ⊗Ai N ⊗Ai Mi → 0,
which can be rewritten as
0→ V ⊗K M0 → N ⊗Ai Mi → N¯ ⊗Ai−1 Mi−1 → 0,
where N¯ := Ai−1 ⊗Ai N. In global cohomology we get an an exact sequence
· · · → H1(X,V ⊗K M0)→ H
1(X,N ⊗Ai Mi)→ H
1(X, N¯ ⊗Ai−1 Mi−1)→ · · · .
The induction hypothesis says that the two extremes vanish; and hence so does
the middle term.
(2) The proof is like the first part. For i = 0 we have N ⊗K M0 ∼= Γ(X,N ⊗K M0)
since N is a free K-module. For i ≥ 1 we have a commutative diagram
V ⊗K M0 //

N ⊗Ai Mi //

N¯ ⊗Ai−1 Mi−1

// 0
0 // Γ(X,V ⊗K M0) // Γ(X,N ⊗Ai Mi)
// Γ(X, N¯ ⊗Ai−1 Mi−1)
with exact rows. By induction the extreme vertical arrows are bijective. Hence so
is the middle one. 
Proof of the theorem. We know that M ∼= lim←i Mi. In view of Theorem 4.3 it suf-
fices to prove that for each i the module Mi is flat over Ai, and the canonical ho-
momorphism Ai−1 ⊗Ai Mi → Mi−1 is bijective. The second assertion is true by
Lemma 5.7(2), taking N := Ai−1.
As for flatness of Mi, take an exact sequence
0→ N′ → N → N′′ → 0
of Ai-modules. Since the sheaf Mi is flat over Ai, we get an exact sequence of
sheaves
0→ N′ ⊗Ai Mi → N ⊗Ai Mi → N
′′ ⊗Ai Mi → 0.
By Lemma 5.7(1) we know that H1(X,N′ ⊗Ai Mi) = 0, so the sequence
0→ Γ(X,N′ ⊗Ai Mi)→ Γ(X,N⊗Ai Mi)→ Γ(X,N
′′⊗Ai Mi)→ 0
is exact. Finally, using Lemma 5.7(2) we see that the sequence
0→ N′ ⊗Ai Mi → N ⊗Ai Mi → N
′′ ⊗Ai Mi → 0
is also exact. 
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Here is the geometric version of Definition 4.1.
Definition 5.8. An m-adic system of sheaves of A-modules on X is a collection
{Mi}i∈N of sheaves of A-modules, together with a collection {ψi}i∈N of A-linear
sheaf homomorphisms ψi :Mi+1 →Mi. The conditions are:
(i) For every i one has mi+1Mi = 0. ThusMi is a sheaf of Ai-modules.
(ii) For every i the Ai-linear sheaf homomorphism Ai ⊗Ai+1 Mi+1 → Mi in-
duced by ψi is an isomorphism.
Remark 5.9. When A = Ẑl , the l-adic completion of Z for some prime number l,
this is called an l-adic sheaf. Cf. [FK, Section 12].
Corollary 5.10. Let A be a complete noetherian local ring, with maximal ideal m, and let
{Mi}i∈N be an m-adic system of sheaves of A-modules on X. Assume these conditions
hold:
(i) For every i ≥ 0 the sheaf of Ai-modulesMi is flat.
(ii) X is locallyM0-simply connected.
Define the sheaf of A-modulesM := lim←i Mi. Then the following are true.
(1) M is flat and m-adically complete.
(2) For every i the canonical sheaf homomorphism Ai ⊗A M → Mi is an isomor-
phism.
(3) Let U be an open set of X that is M0-simply connected. Then the A-module
Γ(U,M) is m-adically free.
Proof. Let U be anM0-simply connected open set in X. Write M := Γ(U,M) and
Mi := Γ(U,Mi), so that M ∼= lim←i Mi. Fix some j ≥ 0. Theorem 5.6, applied
to the artinian ring Aj and the sheaf of Aj-modules Mj|U , says that Mj is a free
Aj-module, and for every i ≤ j the canonical homomorphism Ai ⊗A j Mj → Mi is
bijective. Hence the collection {Mi}i≥0 satisfies the assumptions of Theorem 4.3,
and we conclude that M is m-adically free over A, and Ai ⊗A M ∼= Mi for every i.
We have shown that the canonical homomorphism
Ai ⊗A Γ(U,M)→ Γ(U,Mi)
is bijective for every open setU that isM0-simply connected. Since these open sets
form a basis of the topology, it follows that Ai ⊗AM→Mi is an isomorphism of
sheaves for all i. SoM is m-adically complete.
Finally we must prove that for any point x ∈ X the stalkMx is a flat A-module.
ButMx ∼= limU→ Γ(U,M), where the limit is over the open neighborhoods of x
that are M0-simply connected. Since each Γ(U,M) is flat over A (by Corollary
4.5), so is their direct limit. 
Corollary 5.11. Suppose B is another complete noetherian local ring, with maximal ideal
n, and A → B is a local homomorphism. LetM be a flat m-adically complete sheaf of A-
modules on X. Assume that X is locallyM0-simply connected, whereM0 := A0⊗AM.
Then the sheaf of B-modules B ⊗̂AM is flat and n-adically complete.
Proof. Write Mi := Ai ⊗A M; so {Mi}i∈N is an m-adic system of sheaves A-
modules, and Mi is flat over Ai. Let N := B ⊗̂AM, Bi := B/n
i+1 and Ni :=
Bi ⊗Ai Mi. Then {Ni}i∈N is an n-adic system of sheaves B-modules, Ni is flat
over Bi, andN ∼= lim←i Ni. Since B0 is a free module over the field A0, we have
H1(U,N0) ∼= B0 ⊗A0 H
1(U,M0)
for every open set U in X. Therefore X is locally N0-simply connected. Now we
can use Corollary 5.10. 
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